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(^ ' Summary 

(N' 

j^l Group-theoretical analysis of arbitrary polarization devices is performed, based 

, C^ ■ on the theory of the Lorentz group. In effective "non-relativistic" Mueller case, 

described by 3-dimensional orthogonal matrices, results of the one polarization mea- 
fT^ . surement S — > S' determine group theoretical parameters within the accuracy of an 

^N I arbitrary numerical variable. There are derived formulas, defining Muller parameter 

of the non-relativistic Mueller device uniquely and in explicit form by by the results 
"^ ■ of two independent polarization measurements. 

I i Analysis is extended to Lorentzian optical devices, described by 4-dimensional 

'^ \ Mueller matrices. In this case, any single polarization measurement (5o,S) — > 

■ ' (So,S') fixes parameters of the corresponding Mueller matrix up to 3 arbitrary 

variables. Formulas, defining Muller parameter of any relativistic Mueller device 
uniquely can be found from results of four independent polarization measurements. 
^ Analytical expressions for parameters of any Mueller device can be given the most 

pg ■ simple form when using the results of 6 independent measurements, the correspond- 

ing formulas are written down in explicit form. 
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1. The transitivity problem in the theory of the Lorentz group 



It is known that in describing (fully or partly) polarized light noticeable role may given to the 
group of 3 + 1-pseudoorthogOnal transformations consisting of a group 50(3, 1) isomorphic to 
the Lorentz group. Therefore, techniques developed in the frames of the Lorentz group, in 
particular within relativistic kinematics, may play heuristic role in exploring optical problems 
(see big list of references in the end; a previous consideration of one of the authors is given in 

P.\ [TOT] . 

In the paper, when working with the Lorentz group we use technique developed in [102j and 
|103j and partly updated in |104j . This approach had been started many years ago by Einstein 
and Mayer in |105j . 

Let us recall the known transitivity problem in relativistic kinematics: in Stokes - Mueller 
approach it reads 

V(^,^*)'5a = +5[. (1) 

From the very beginning, one peculiarity shout be noted: due to existence of the concept of little 
Lorentz group initial and final Stokes 4- vectors S and S", one can write down the transitivity 
condition in the form L {Liittif.S) = L'^-^^^^S' ,so that 

[ mittle)" L Liittle ]S = S' . (2) 



This means that the transitive matrix L cannot be defined uniquely in terms of S and S'. 

Let us use the factorized representation for Lorentzian matrices (we adhere notation given 
in [MlIIDl]), eq. (P) gives 



A*S = A-^S' , 



and 



AS = {A*)-^ S' 



or in more detailed form (conjugate equation is written down too) 



-k* 





-K 


-k* 


^j 


h* 
ftp 


ikl 


rCo 


"'1 




^3 


trto 


-ikl 


ko 


-ki 


-k2 


h 


ko 


-iks 


k2 


iks 


ko 


ks 


-ik2 


ikl 



ikl 



So 




Si 




S2 




S3 





-ks 


So 




ik2 


Si 




ikl 


S2 




ko 


S3 





Kq 


Ki 


K2 


ki 


ko 


iks 


k2 


-ik^ 


ko 


k3 


ik2 


—ikl 


h* 


kl 


ruQ 


kl 


fi,Q 


-^k*, 


k* 


'1 


/VQ 


ks 


'^rCo 


ik*l 



k3 


S'o 


ik2 


s\ 


ikl 


S'2 


ko 


S'3 



rio 


S'o 


vrCn 


s\ 


ik* 


S'2 


K,Q 


S's 



Below, the notation will be used 

ko = riQ + inio , kj 

Summing and subtracting eqs we get 



-iuj + rrij , 



A;n - k^ = 1 
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So, we arrive at two homogeneous linear systems under 8 varianles 

no {So - S'o) - mi {Si + S'l) - ni2 {S2 + S'2) - ma (Sa + 5^) = , 
-mi {So + S'o) + no {Si - S'l) + n2 (^3 + S'^) - n^ {S2 + S'2) = , 
-m2 (So + S'o) + no {S2 - S'2) + na {Si + S'l) - ni {S3 + S'^) = , 
-ma (S'o + So) + no (Sa - S3) + ni (S2 + S'2) - n2 (Si + Si) = , 



(3) 



(4) 



- mo (So + So) - ni (Si - Si) - n2 (S2 - S'2) - na (S3 - S3) = , 
-ni (So - So) - mo (Si + Si) - m2 (S3 - S3) + ma (S2 - S2) = , 
-n2 (So - So) - mo (S2 + S2) - m3 (Si - Sj) + mi (S3 - S3) = , 
-n3 (So - Sq) - mo (S3 + S3) - mi (S2 - S'2) + m2 (Si - S'l) = . 



(5) 



2. "Non-relativistic" 3-dimensional Mueller matrices 

First, let us consider more simple (non-relativistic) case when S'q = Sq = I = inv. Eqs. ([S]) takes 
the form (because we search solutions in 3-dimensional rotations, we require mo = 0, rrij = 0): 

no (5i - S[) + 71-2 {S3 + S3) - ns {S2 + S2) = , 
no (^2 - S^) + ns (Si + S[) - n^ {S3 + 5^) = , 
no (53 - S3) + rii {S2 + S2) - n2 {Si + S'^) = d , 
-ni (Si - S[) - n2 (52 - S'2) - ng {S3 - S'3) = ^ . (6) 

The fourth equation in not independent of three remaining - it follows from them. Therefore 
we have the system of 3 independent ones 

n2 {S3 + S'3) - na (^2 + S'^) = -no (5i - S[) , 
^3 {Si + S[) - m {S3 + S'3) = -no {S2 - S'2) , 
ni {S2 + S'^) - 712 {Si + S'^) = -no (^3 - S'^) . (7) 

They may be written in 3-vector form 

n X (S + S') = -no (S - S') . (8) 

General solutions for n can be searched with the aid of substitution 

n = aS + pS' + (3SxS', 
then eq. ([8]) leads to (below note S'^ = SS) 

{a-p)SxS' + (3[S' S^ + S' (SS') - S 5^ - S (SS') ] = -noS + noS' , 
from whence it follow p = a , a is arbitrary, and 

no = /3 (52 + S S') , n = a (S + S') + /3 S X S' . (9) 

One must to take into account additional restriction for parameters of rotation matrices 

ng + n^ = 1 , (10) 

which results in 

(3^ (52 + S S')2 + [q (S + S') + /3 S X S'f = 1 , 
or 

(3^ [S^ + 2S^ (S S') + (S S')2] + ^2 ^^4 _ (gg/^2] ^ 2a2 {S^ + S S') = 1 ; 
and ultimately eq. p^ gives 



General solution of eq. (jlip can be presented in terms of sin- and cos-functions of an angular 
variable 

sinF „ cosF ^ , ^ ,,„. 

a = = , /3 = , , r G 0, 27r . (12) 

V2(52 + S S') 5^2(52 + 8 8') ^ ^ ^ ^ 

Thus, relations Q read (here T £ [0, 27r] stands for arbitrary parameter) 

n2 + n2 = 1 , no = , ^°'^ (5^ + 8 8'), 

° 5 v/2(52 + 8 8') ^ 

n= ^ ""^ (8 + 8')+ ^ ^"^"^ 8x8'. (13) 

V^2(52 + 8 8') ^ 5 ^2(52 + 8 8') ^ ^ 

Note that when 8' = 8, relations ()13p describe the case of little rotation group 

Tig + n = 1 , riQ = cos r , n = sin F — . (14) 



When F = , solution (jlSp becomes of the most simple form 

52 + 8 8' 8x8' 

nn = , , n = , . (15) 

S V2 (S^ + S 8') S ^2 (52 + 8 8') ^ ^ 

Note, that we may transform all the relations to a Gibbs 3-vector parameter in the rotation 
group (the full treatment of the theory in this parametrization see in [102j ) 

c = - , (16) 

no 



'^rs^(« + «'> + 5^' "^) 



then eqs. (|T3|) give 



Note that in the non-relativistic case, for Stokes vectors one can use the following parametriza- 
tion (/ is intensity of the light beam, p is a polarization degree) 

So = I, S = IpN, / - inv , N2 = 1 ; (18) 

at this p^ and (fT5|) change to 

2,2. ^ 1 + NN' 



riQ + n = 1 , uq = cos F 



v/2(l + NN') 



and 



N + N' ^ NxN' 

n = sm F = + cos F = , (19) 

y^2(l + NN') ^^2(1 + NN') 



^ N + N' NxN' 

^=*^^TTnn^+TTnn^- (^°) 



3. On defining Mueller S-matrices from the results of polarization measure- 
ments 

Because a single polarization measurement relating S — t- S'^ cannot fix Mueller 3-matrix 
uniquely, to obtain result values for parameters of the Mueller 3-matrix, one need to perform 
two independent measurements Si — > S'^, S2 — > 82- Mathematically, the problem of finding 
a definite Mueller 3-matrix can be formulated as a system to solve, describing two polarization 
measurement with one the same Mueller matrix. 

First, let us consider this task with the aid of Gibbs 3-paramere 



Ni + N' 
so we have a vector equation 
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(21) 



(22) 



Multiplying it by Ni, N'^, N2, N2, we obtain four scalar equations 



tgr 

tgr 

tgr 

tgr 



1 



Ni(N2 + N^) 
1 + NsN^ 

N;(N2 + N^2) 
1 + NsN^ 
N2(Ni + N;) 

1 + Nin; 

n^2(Ni + n;: 

1 + Nin; 



1 



+ 



+ 



Ni(N2 X N^2) 
1 + N2N'2 

n;(N2 X N^2) 

1 + N2N'2 

N2(Ni X n;) 

1 + Nin; 

N^Ni X n; 

1 + Nin; 



(23) 



From whence it follow 



tgr 



tgr 



Ni (N2 X N^ 
(N2-Ni)(N2 + N'2) 

N2 (Ni X n;) 
~~ (Ni-N2)(Ni + n;) 
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(n;-n^)(n; + Ni)- ^^^^ 

Thus, we have a simple expression for tg F , together with four additional constraints, which 
determine the whole aggregate of all possible couples of Stokes 3- vectors related by one the same 
Mueller matrices. 

Now let us detail considering of the task in the frames of unitary group SU{2) - evidently, 
two solutions cannot contradict each other. Here we have 



no = /3i Si (Si + S[) 
no = /32 S2(S2 + S'2^ 
what is equivalent to 

1 + Nin; 



n : 
n 



ai (Si + S'l) + /3i Si X S'l , 
-- 02 (S2 + S^) + /32 S2 X S^ . 



(25) 
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From two different expressions for no, it follows 

NiN; = NzN'a . (27) 

Taking this into account, from two different expressions for n we derive 

sinr [ (Ni + N'l) - (N2 + N'2) ] + COST [ (Ni x N'^) - (N2 x N'2) ] = (28) 

It should be noted that due to (j27p . relation ()22p becomes much more simpler 

tg r [ (Ni + N'l) - (N2 + N'2) ] + Ni X N'l - N2 X N'2 = . (29) 



In fact, (j28j) and (p9|) coincide, difference consist in the following: (j28|) cannot distinguish between 
two solutions: (+cosr, +sinr) and (— cosF, — sinF). 

4. Relativistic Mueller matrices relating two Stokes 4-vectors 

Let us turn back to general (relativistic) case of Mueller matrices ([5]) : 

mi {Si + S[) + 1712 (5*2 + S2) + 1713 {S3 + S3) = no {Sq - S'q) , 
mi {So + S'o) - n2 {S3 + S'3) + ng (^2 + S'2) = m {Si - S[) , 
771-2 {So + S'o) - na {Si + S[) + ni (S'3 + S'3) = no (S'2 - S'2) , 
1713 {So + S'o) - ni {S2 + S'2) + n2 {Si + S'l) = no (^3 - S3) , 

- ni (S'l - S'l) - n2 (S'2 - S'2) - n3 (S3 - S'3) = mo {So + Sq) , 
-ni (So - 5o) - m,2 (S3 - S'3) + m3 (S2 - S'2) = mo {Si + Si) , 
-n2 (So - S'o) - m3 (Si - S'l) + mi (S3 - S'3) = mo (S'2 + Sj) , 

-n3 {So - S'^) - mi {S2 - S'2) + m2 {Si - S'^) = mo {S3 + S'3) . (30) 

Because we search solutions among proper orthochronous Lorentzian transformations, unknown 
parameters must obey additional relations 

no + n^ — TTT-o — m^ = 1 , nom-o + nm = ; (31) 

by this reason, the trivial solution n^ = 0,ma = for ()30p is of no interest. Eqs. (|30p can be 
rewritten in 3-vector form 

m (S + S') = no {So - S'o) , 
n (S - S') = -mo {So + S'o) , 
m {So + S'o) + (S + S') X n = no (S - S') , 
n {So - S'o) - (S - S') X m = -mo (S + S') . (32) 

Note that the (non-relativity) requirement So — Sq = immediately leads us to additional 
relations m = and mo = 0, and we get eqs. ©-(IS]). 
Let us introduce notation 

So + S'o = A, So-S'o = B , S + S' = A , 

S - S' = B , N+ = u, M_ = /u ; (33) 



The complete system od equations to solve is 

no + n — ttiq — m = 1 , nomQ + nm = ; (34) 

mA = no-B, nB = — m-o ^ J (35) 

m^ + Axn = noB, ni? — Bxm = —mo A . (36) 

In is convenient to use linear expansions for both 3-vectors 

n = iV+A + iV_B + iVA X B , m = M+ A + Af_B + MA x B . (37) 

From the first equation in (|36p it follows 

A{M+A + M_B + MA x B) + A x (iV^B + iVA x B) = no B , 

which gives three equations 

AM+ + AB A^ = , AM^ - A^iV = no , AM + iV_ = . (38) 

In the same manner, from the second equation in (j36p we get 

B {N+A + iV_B + iVA X B) - B X (M+A + MA x B) = -mo A , 

and further 

BN^ + ABM = , BN+ - B^ M = -toq , BN + M+ = . (39) 

Thus, two vector equations (j36p provide us with the system for six parameters 

AM+ + AB iV = , AM^ - A^N = uq , AM + N^ = ; 

BN_ + ABM = , BN+ - B^ M = -niQ , BN + M+ = . (40) 

After excluding the variables A^_ , M+ : 

iV_ = -AM , M+ = -BN , (41) 

eqs. (|40l) read 

- ylSA^ + AB A^ = , AM_ - A^AT = no , 

-ABM + ABM = , BN+ - B^ M = -mo . (42) 



Note that equations 1 and 3 are identities. In fact, eqs. (j42]l are equivalent to two equations 
only 

AM_ - A^iV = no , BN+ - B^ M = -mo , (43) 

Substituting expressions 

n = A^+A - M ylB + A^A x B , m = M_B -N BA + MA x B ; (44) 



into (j35p . we arrive at 

M_BA - N BA^ = noB =^ M^A - NA^ = no , 
N+AB - M AB"^ = -mo A =^ N+B - M B^ = -mo ; 

which coincide with ([Mj). This means that eqs. (f35]l can be removed. The above substitutions 
for two vectors (j44p are to be ahowed in the conditions 

ng — rrig = 1 + m — n , nomo = — nm = . 

Let us simphfy notation 

M_=x, N = y, N+ = z , M = w 

In these variables, the main equations to solve read 

no = Ax - A^y , n = zA - wAB + yA x B\; , 
mo = —B z + B'^ w , m = xB — y B A + wA x B ; 

ngm-o = — nm , Hq — m.Q = 1 + m — n . (45) 

First, let us detail nomo = — nm. Taking into account 

nomo = -xz AB + wx AB^ + yz BA^ - wy A^B^ , 

— nm = -{zA — wAB + yA x B) {xB - y B A + wA x B) = 
= -xz AB + yz BA^ + wx AB^ - yw AB AB - yw A^B^ + ywiAB)"^ . 

we arrive at 

Q = xz {AB - AB) - yw AB AB + yw{ABf . (46) 

Because 

AB -AB = {Sl - S^) - {S'^ - S'2) = , (47) 



eq. (j46|) takes the form of an identity = 0, subsequently, this equation can be excluded from 
l5]) . Remaining and independent relations are 



2 2 1 , 2 2 

no — m-o = 1 + m — n , 
no = A X — A^y , n = zA — wAB + yA x B , 

mo = -B z + B^ w , \n = xB-yBA + wA x B . (48) 

Each of vector equation in (I48p can be changed into three scalar ones; those are obtained 
through multiplying them by A, B, A x B: 



An = z A^ - u- A^B , 

Bn = z AB -w AB"^ , 

(A X B)n = +y A^B^ - y A^B'^ , 



Am = X AB -y B A^ 
Bm = xB^ -y B'^A , 
(A X B)m = +w A^B^ - w A^B^ . (49) 



These equations are easy to solve 

(Ax B)n _ {Bn)AB - (An)B2 _ 1 (Bn)A2 - {An)AB 

y - A2B2 - ^2^2 ' ^ - A2B2 - ^252 ' ^ - -J A2B2-^252 

(A X B)m -{Am)AB + (Bm)A2 1 {Bm)AB - (Am)B2 



w 



A2B2 - .4252 ' A2B2 - 712^2 ' « 5 A2B2 - ^2^2 



(50) 



Taking (|48p . we may turn back to a starting complex parameter ^q: 
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- izB) - {yA"^ - iwB^) ' 
X + iwA 
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w — iy 



ko = TiQ + irriQ = {xA — izB) — (yA — iwB ) , 
k = m - in = —{y B + i z) A + {x + iwA) B + (w — iy)A x B . (51) 

Note that one can derive a more simple 3- vector, parameter for Lorentz group [...], 

_ k _ -{y B + i z) A+ {x + iwA) B + {w - iy)A x B 
^~Yq~ {xA-izB)-{yA'^-iwB'^) *• ' 

It may be formally simplified 

q = QA + /3B + 7AxB, 
a 

^ " {xA - izB) - (yA2 - iu'B2) " ^^^"^ 

The formulas allow transition to a more simple non-relativistic case (x = 0, w = 0, B = Qi) 

c = i (1 = ia A + ij3B + i^ AxB , 
1 z 1 

'"""A2y' ^/^ = 0' '^ = "A2' ^^^^ 

these relations describe 1-parametric set of 3-rotations. In relations (j48p . the non-relativistic 
case is reached as follow 

no + n^ = 1 , no = 2/A^ , n = zA + yA x B . (55) 

let u s obtain an explicit form of the relationship Uq — rriQ = 1 + m2 — n2 in (j48p . We have 

nl-ml = {Ax- A^yf - {-B z + B^ wf = 
= A^x'^ - B'^z'^ - 2AA^ xy + 2BB^ zw + {A^f y^ - {B'^f w"^ , 

and further 

m^ = {xB -y B A + wA x B) {xB -y B A + wA x B) = 
x^ B^ - xy B{BA) - xy B{BA) + y^ 52^2 _^ ^;2A2g2 _ y^-ii^xBf , 



that is 



m^ = x^ B^ - 2xy AB'^ + y^ B^A^ + w'^A^B^ - w'^A^B'^ . 



In the same manner, we derive 

n^ = {zA - wAB + 7/A X B) {zA - wAB + yA x B) = 
= z^ A^ - 2zw BA^ + w'^ A^B!^ + y'^A^B^ - y^A^B"^ , 

and further 

1 + m^ - n^ = 1 + a;2 B^ - 2xy AB"^ + y^ B^A^ + w^A^B"^ - w^A^B^ - 
-z^ A^ + 2zw b£ - V? £b^ - y^A^B^ + y^A^B'^ , 

that is 

1 + m^ - n^ = 1 + x^ B^ - z^ a2 - 2xy AB'^ + 2zw BA^ + 
+y\ B^ - b2)a2 + A^B^] - w^[{A^ - A2)b2 + A^B^] . 

The quadratic equation for parameters of the Mueller matrix takes the form 

x^{A^ - B^) + 2xy A{B^ - A^) + y^[ (A^ + B^ - B^)A^ - A^B^ ] = 
= z^{B^ - A^) + 2zw B{A^ - B^) + w^[ (A^ + B^ - A^)B^ - A^B^ ] + 1 . 



(56) 



5. On defining 4-diniensional Mueller matrix from polarization measurements 

As shown above, each polarization measurement 

Sa ^ S', or iAa,Ba) ^ {K.B'a) 
allows to obtain the quadratic constraint on Mueller's characteristics of a polarization device 

^2 (^2 _ g2) ^ 2xy A{B^ - A2) + y2 [ (a2 + B^ - i?2)A2 - ^2^2 j ^ 

= z^ {B^ - A2) + 2zw B{A^ - B2) + w^ [ (A^ + B^ - ^2)b2 _ ^2^2 j ^ ^ . 

(57) 

the later has a 3-parametric set of solutions which describe all the possible Mueler matrices of 
the given optical device 

uq = X A — y A^ , n = z A — w AB + y A x B , 
mo = -z B + wB'^ , m = xB-yi?A + tt>AxB. (58) 

It is evident, that to fix Mueller matrix uniquely, one should perform several polarization 
tests. Let start with four ones - the problem to solve is formulate as a system of 4 equations 

10 



x^ {Al - B?) + 2xy A,{Bl - A?) + y^ [ (A? + B? - 5?) A? - A?i?? ] = 

= z^ {Bf - A?) + 2zw Bi{AJ - B?) + w^ [ {Aj + B? - AJ)Bl - AJBJ ] + 1 . 

x^ {Al - B^) + 2xy A2{Bl - A^) + y^ [ (A^ + B^ - i?2)Ai - A^S^ ] = 
= z^ [Bl - Al) + 2zw B2{Al - B^) + w^ [ (A^ + B^ - A2)Bi - A^S^ ] + i . 

x2 (^i - Bi) + 2xy A,{Bl - Ai) + y' [ (A^ + Bi - i?|)Ai - A^i^f ] = 
= z' (Bl - Al) + 2zw B^iAl - Bi) + w^ [ (A^ + B^ - A^BJ - A^BJ ] + 1 . 

x^ {Al - Bl) + 2xy Ai{Bl - Al) + y2 [ (A^ + B^ - bI)AI - AIbJ ] = 
= z^ (Bl - Al) + 2zw B^{Al - Bl) + w^ [ (Al + B^ - AI)BI - AIBJ ] + 1 . (59) 

It may be presented in a symbolical form as 

aix + 2bixy + ciy = aiz + 2f3izw + aiw + 1 , 
a2X^ + 2b2xy + C22/^ = 02^^ + 2/32ZW + cr2tf ^ + 1 , 
aix^ + 263x4/ + csy^ = Qsz^ + 2l3^zw + crsty^ + 1 , 
040; + 264x2/ + C4y = 04^ + 2p4zw + a^w + 1 . (60) 

In general, this mathematical task should have a definite solution, though rather cumbersome 
one. Indeed, we could successively exclude the variables as follows 

(1) =^ x = x{y,z,w) , 

(2) =^ y = y{z,w), x = x{y{z,w),z,w) = x{z,w) , 

(3) =^ z = z{w) , (4) =^ w = tf (...) , z = z{w{...)) . 

However, there exist another and more beautiful way to solve the problem. Indeed, let us 
consider 6 independent polarization measurements - they provide us with 6 linear equations 
under 6 variables 

x^ , 7/^ , 2xy , z"^ , w'^ , 2zw ; 

oix^ + 2bixy + ciy"^ — a\z^ — 2(3izw — aiw"^ = +1 , 
a2X^ + 262xy + C2y^ - 02^^ - 2j32zw - a2w'^ = +1 , 
aix^ + 263XJ/ + csy'^ - a^z^ - 2l3:izw - a^uP' = +1 , 
a4X + 264x7/ + C47/ — 04^ — 2/34ZW — a^w = +1 , 
asx^ + 265x1/ + csj/^ - a^z^ - 2l3^zw - a^w^ = +1 , 
ogx + 2hQxy + cgy — a^z — 2I3qzw — a^w = +1 . (61) 

By physical reasons, we cam presuppose existence of a unique solution of the task. This is given 
by Kramer's rule 

^"A' ^"A' ^^y-^> 

z2 = ^, w' = ^, 2zw = ^, (62) 
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from whence it follows (evidently, arising subtleties with it should be examined additionally) 



_ ^z2 + Aj^2 + A2a;j/ _ / A^.2 + /S.y2 - IS.2xy 

x + y-\l -^ , x-y-^ - 



A^2 + A^2 + A2zw / A^2 + A^2 - A2zw /^oA 

z + w = ^ ^ , z-w = ^ , (63) 

Recall (see (|51|) that Muller's matrices are defined by A;-parameter 

ko = {xA - izB) - {yA^ - iwB'^) , 
k = -{y B + i z) A + {x + iwA) B + {w - iy)A x B ; 

evidently, any orthogonal Lorentz matrix cannot distinguish between {+kQ, +k) and {—ko, — k). 
We may employ the same method in non-relativistic case as well. See ()55p : with the notation 
z = v,y = N we have 

tiq + n^ = 1 , no = yA^ , n = zA + yA x B . (64) 

Note that because 

A^ = (S + S')^ = S^ + S'2 + 2SS = 2(^2 + SS) , A x B = 2S x S' , 

eqs. ([MD are equivalent to 

no = 2y (5^ + SS) , n = zA + 2y S x S' . (65) 

and thereby coincide with ([9]) 

no = /3 (^2 + S S') , n = a (S + S') + /3 S X S' . (66) 

In this notation two independent polarization test provide us with a linear system 

y'[Al{Al + Bl)-{A,B,f] + z'Al = l, 

2/2[A2(Ai + Bl) - {A2B2f] + z^Al = 1 , (67) 



its solution is 



y 



2 _ (AiBi)2 - (A2B2)2 



[Af (Af + B?) - (AiBi)2]Ai - [Ai(Ai + B^) - (A2B2)2]Af 



2 ' 



2 ^ [Ai(Ai + Bj) - (A2B2)^] - [Af (Af + Bf) - (AiBi)^] 

[Af (A? + Bf ) - (AiBi)2]Ai - [Ai(Al + B^) - (A2B2)2]A? ' ^^"^ 

6. On diagonalizing the transitivity equation 

The transitivity equation LS = S' led us to a 3-surface in 4-parametric space 

^2 (^2 _ b2) ^ 2xy A{B^ - A2) + y^ [ (A^ + B^ - B^)A^ - A^B^ ] - 
-z2 (i?2 _ a2) _ 2zu; B{A^ - B2) - «;2 [ (a2 + b2 - yl2)B2 - A^ B^ ] = 1 , 

(69) 
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or in symbolical form 

ax^ + 2bxy + cy^ - az^ - 2f5zw - au? = +1 . (70) 

Let us examine the possibility to transform an elementary quadratic form to a diagonal form 
by mens of 3-rotation in 2-pIane 

ax^ + 2bxy + cy^ = FX^ + GY^ , 

X = cos (j) X + sin (pY, y = — sin (p X + cos (p Y . (71) 

Eqs. dZH) yield 

a{cos(j) X + sm(j) Yf + 2b{cos cj) X + sin cj) Y){- sin cj) X + cos cp Y) + 
+c{-sin<p X + cos (p Y)"^ = FX"^ + GY^ =^ 

a{2XY sin (pcos(p + X^ cos^ (p + Y'^ sin^ (p) + 
+26[(y2 _ x^) sin (/. cos (/. + XY (cos^ (P - sin^ 0)] + 
+c(-2Xy sin (pcos(p + X^ sin^ + F^ cos^ cp) = FX^ + GY'^ . (72) 

So we have three equations 

X : a cos (p — 2b sin cos (p + c sin (p = F , 

Y : a sin + 26 sin (p cos + c cos (p = G , 

2XY : a sin <p cos (p + b{cos cp — sin (p) — csin(j)cos(p = . 

With the help of the variable 2(p, these are written as 

cos 2(p + 1 1 — cos 2(p 
a sm 2<p + c = F , 

1 — cos 2(p cos 2(p + 1 
a h b sm 2(p + c = G , 

^^sin2(/> + 6cos2(/) = 0. (73) 



This results in 



and 



26 ^ , c — a ,_,. 

sm 26 = , , cos 2(p = , ; (74) 

V(c-a)2+462' "^ V(c - a)2 + 462 ^ ^ 



^ a + c a — c , , , a + c \/(a — c)2 + 462 

F= + cos20-6sin20= -^ ^ 

2 2 ^ ^ 2 2 



^ a + c a-c „, ,.„, a + c \/(a - c)2 + 462 

G=— ^cos20 + 6sm2</. = ^— + ^^^ ^ . (75) 



In the same manner, the second quadratic form is considered 

- az'^ - 2f5zw -aw'^ = AZ^ + TW^ 
z = cos p Z + sin pW, w = — sin p Z + cos p W . (76) 
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For 2/9 we get 



2/3 cr-Q 
, = , cos 2p = — = 

V(CT - a)2 + 4/32 '^ V(C7 - q)2 + 4/32 



sin 2p = — , , cos 2p = — , ; (77) 



g + CT yj{a - o-)2 + 4/32 



r = ^±^ + V(«-^)' + 4/3^ _ ^^g^ 

For instance, conditions at which F and G are positive, and A, Fare negative, are formulated 
in the form 

(F,G,A,F) -(+,+,-,-), 



a>0,c>0, a + c> +V(a - c)2 +4^2 > ^ ac> b^ . 

a < , cr < , a + 0- < -^(a - o-)2 + 4/32 ^ au > /3^ . (79) 

When specifying expressions for a, b, c, a, /3, cr we should distinguish between a partly and 
completely polarized light. In the case of a partly polarized and completely polarized light we 
have respectively 

i>Q — lb ^ jq — is ^ , ibo ^ ~t~ I ^ I ) 

<Sg — S = <Sg — S > 0, Do >| S I . 

For the main invariant let us use the notation ^q — S^ = Sq — S ^ = S2 . 
Expression for a, b, a, f3 are given by 

a = {So + S'of - (S - S'f = 2T? + 2{SqS'q + SS') , 
^ = (5o - S'^f - (S + S')' = 2T? - 2{SoS'o + SS') , 
a = iSo- S'of - (S + S')^ = 2S2 - 2{SoS'o + SS') , 
4 = (5o + S'of - (S - S'f = 2S2 + 2{SoS'o + SS') . (80) 

13 

they become simpler for a completely polarized light 

apoiar = + 2{SoS'o + SS') > , ^ = - 2(^0^0 + SS') < , 

apoiar = - 2{SoS'o + SS') < , %^ = + 2{SoS'q + SS') > . (81) 

n 

Let us specify c = (A2 + b2 — B'^)A'^ — A^B'^; accounting for 

A2 + B^ - ^2 ^ (g ^ S')2 + (S - S'f - {So - S'of = -4S2 + {So + S'of , 

a2 = (S + S'f , A^B^ = {So + S'o)\So - S'of 
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we get 



[-4S2 + {So + S'of]{S + S')' - {So + S'of{So - Sl,f 



In the same mater, for a = a 



(B2 + A2 



W + A'-A' = {S- S'Y + (S + S 

B^ = (S - S 



2/x2 



/\2 



2{So + S'^^ {SoSo + SS') . 

A^)BP' - B'^A^ with relatfons 

- {So + S'^f = -4S2 + {So - S'of 
B'A^ = {So-S'of{So + Sl 



'of 



we obtain 



a = [-4S2 + {So - S'ofKS - S'f - {So - 5^)'(5o + S'^f , 

(^polar = — 2(S'o — Sq) {SoSo + SS ) 



(82) 



(83) 



7. On the Lorentz little group for a partly polarized light 

In the context op polarization optics, some interest may have the known problem of the little 
Lorentz group. What is the majority of Mueller matrices leaving invariant a given Stokes 4- 
vector. The problem is reduced to 



L,''{k, k*) Sa = +Sb , S^Sa = inv > ; 
with the use of a factorized form L = A A* = A* A, the previous equations are 



AS= {A*] 



S 



[A - {A*y^ ]s = o , 



(84) 
(85) 



A 



So we arrive at 



ko 


-ki 


-k2 


-ks 


ki 


ko 


-iks 


ik2 


k2 


iks 


ko 


—iki 


ks 


-ik2 


iki 


ko 



{ko - k*o) 

-{ki + kl) 

-{k2 + kl) 

-ih + k*,) 



-{ki + kl 

{ko 

i{k3 

-i{k2 






{A*) 



-ik2 + k*2) 

-i{k3 - k^) 

{ko - k*,) 



tvi 



ik^ 



kl) i{ki - kl) 



which with notation ko = no + imo , kj 



-irij + rrij reads 



imo —mi 
—mi im,o 
-m2 ns 



-ms 



-n2 



-m2 

imo 
rii 



-ms 

■fl2 

-rii 
im,o 



So 
Si 

S2 

S3 



^2 

k* 

iki 



k* 
-iki 

h* 



-ik3 + k*3) 


So 


i{k2 - kl) 


Si 


i{ki - kl) 


S2 


{ko - kl) 


S3 



Note that imposing restrictions mo = 0, nij 





0, we oftain a more simple equation 






"-3 
-n2 



-723 


ni 






So 


«2 


Si 


ni 


S2 





S3 



n 



S 

5 



(86) 



(87) 



(88) 
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which describes a 1-parametric group of 3-rotations 0{(j),n) about the axis S = ^n. In general 
case, eq. ([HTj) can be presented in the vector form 



irrioSo — mS = , —uiSq + imQS + n x S = . (89) 

To have solutions in real variables, we must require mg = 0. Therefore, an expression for m is 

n X S .. 

m = — - — = n X p . (90) 

bo 

Thus, solution for the problem of little Lorentz group is (first it was obtained by Wigner [...]) 

L,^k, k*) Sa = +Sb , S'^Sa = inv > ; 

^0 = ''^0 + ^0 , k = — i n + n X p . . (91) 

Explicitly, additional condition for parameters looks 

fcg-k2 = l =^ ng + n2(l-p2) + (np)2 = l. (92) 

This relationship determines a 3-parametric majority of jueller matrices leaving invariant the 
polarization vector Sa = {Sq, SoPi) of the partly polarized light. As known, this set of transfor- 
mations consists of a group isomorphic to SU{2). 

8. On the Lorentz little group for a completely polarized light 

Analogous problem for a completely polarized light looks much the same 

L,^{k,k*)Sa = +Sb, S''Sa = 0; 

we again have equations 

imoSo — mS = , — mSo + iniQS + n x S = , 

in which restriction ttiq = must hold. Solution looks as follows 

L,'=^{k,k*)Sa = +Sb, S''Sa = 0; 
ko = TiQ + iO , k = — in + nxp, p =1. (93) 

The difference arises due to the relation p^ = 1, 

fc2_k2 = l =^ n2 + (np)2 = l. (94) 

This relationship determines a 3-parametric majority of Mueller matrices leaving invariant a 
given isotropic Stokes 4-vector Sa = {So,SoPi), p^ = 1. 
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